EQUILIBRIUM STATES OF WEAKLY HYPERBOLIC 
ONE-DIMENSIONAL MAPS FOR HOLDER POTENTIALS 



HUAIBIN LI AND JUAN RIVERA-LETELIER 

Abstract. There is a wealth of results in the literature on the thermo- 
dynamic formalism for potentials that are, in some sense, "hyperbolic". 
We show that for a sufficiently regular one-dimensional map satisfying 
a weak hyperbolicity assumption, every Holder continuous potential is 
hyperbolic. As sample consequence is the absence of phase transitions: 
The pressure function is real analytic on the space of Holder contin- 
uous functions. Another consequence is that every Holder continuous 
potential has a unique equilibrium state, and that this measure has ex- 
ponential decay of correlations. 



1. Introduction 

The thermodynamic formalism of smooth dynamical systems was initi- 
ated by Sinai, Ruelle, and Bowen |Bow751 IRue761 ISin72j . For a uniformly 
hyperbolic diffeomorphism acting on a compact manifold of arbitrary di- 
mension, they gave a complete description for Holder continuous potentials. 
In particular, they showed that on each basic set there is a unique equi- 
librium state, and that this measure has exponential decay of correlations. 
Furthermore, there are no phase transitions: The topological pressure of a 
basic set is real analytic as a function of the potential. 

There have been several extensions of these results to one-dimensional 
maps, that go beyond the uniformly hyperbolic setting. The lack of uni- 
form hyperbolicity is usually compensated by an extra hypothesis on the 
potential. For example, there is a wealth of results for a piecewise monotone 
interval map /:/—>/ and a potential (p of bounded variation satisfying 

suY>ip < P{f,(p), 
I 

where P{f, if) denotes the pressure. Most results apply under the following 
weaker condition: 

For some integer n > 1, the function Sn{f) '■= X]j=o f ° satisfies 
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In what follows, a potential satisfying this condition is said to be hyperbolic 
lor f. See for example [BK9Q\ \BK\mO\ IHK821 lKd85l ILSV981 IR,ue94] and 
references therein, as well as Baladi's book [ BalOOl §3]. The classical result 
of Lasota and Yorke |LY73] can be recovered as the special case in which / 
is piecewise and uniformly expanding, and if = — In \ Df\. 

For a complex rational map in one variable /, and a Holder continuous 
potential <p that is hyperbolic for /, a complete description of the thermo- 
dynamic formalism was given by Denker, Haydn, Przytycki, and Urbahski 
in |Hay99t IDPU961 IDTJ9H IPrz9nj|3 extending previous results of Freire, 



Lopes, and Mane [FLM831 IMah83j . and Ljubich |Lju83| . See also the 
alternative approach of Szostakiewicz, Urbahski, and Zdunik in |SUZ11| . 
and [FUOOl IHayOOj IIRRL12j for further results. 



In both of the previous settings, piecewise monotone maps and bounded 
variation potentials, and complex rational maps and Holder continuous po- 
tentials, most of the results were obtained by studying the action of the 
corresponding transfer operator directly. In the case of a sufficiently regular 
interval map and a Holder continuous potential. Bruin and Todd obtained 
a general result using an inducing scheme. This result is for potentials that 
satisfy the "bounded range" condition, which is more restrictive than hy- 
perbolicity, and an additional bounded distortion hypothesis, see |BT08| . 
As shown in |LRL12] . for a Holder continuous potential the bounded range 
condition can be replaced by hyperbolicity, see also [ITlll Theorem 1.1]. 
One of the main results of [RLSIO] implies that for a Holder continuous 
potential the additional bounded distortion hypothesis is automatically sat- 
isfied for maps having a weak form of hyperbolicity, see |BT11] and |BT08t 
Lemma 3(b)]. 

In this paper we show in both, the real and the complex setting, that 
for a sufficiently regular one-dimensional map satisfying a weak form of 
hyperbolicity, every Holder continuous potential is hyperbolic. So, for such 
a map /, all the results above apply to every Holder continuous potential. 
A consequence is that for every Holder continuous function (p there is a 
unique equilibrium state of / for the potential ip. Moreover, this measure 
has several statistical properties, like exponential decay of correlations and 
the Almost Sure Invariance Principle, see Remark I l.li Another consequence 
is the absence of phase transitions: The pressure function is real analytic on 
the space of Holder continuous functions. 

We proceed to describe our main results more precisely. 

1.1. Statements of results. We state 2 results, one in the real setting 
and the other in the complex setting. To simplify the exposition, they are 
formulated in a more restricted situation than what we are able to handle, 
see the Main Theorem in S|2] for a more general formulation of our results. 



*In this setting most of the results have been stated for a potential <^ satisfying the 
condition sup ip < P{f, f) that is more restrictive than ip being hyperbolic for /. However, 
general arguments show they also apply to hyperbolic potentials, see [IRRL121 §3]. 
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We start recalling some concepts from thermodynamic formalism, see for 
example [PUlOl IWal78] for background. 

Let {X, dist) be a compact metric space and T : X ^ X a continuous 
map. Denote by M{X) the space of Borel probability measures on X en- 
dowed with the weak* topology, and by ^A{X,T) the subspace of Ai{X) of 
those measures that are invariant by T. For each measure u in A4{X,T), 
denote by hyiT) the measure-theoretic entropy of u. For a continuous func- 
tion (/9 : X — )• M, denote by P(T, ip) the topological pressure of T for the 
potential ip, defined by 

(1.1) P(r,(/p) := sup|/i^(r) + j ^ du : u e M{x,T)Y 

A measure v in A4{X,T) is called an equilibrium state of T for the poten- 
tial ip, if the supremum in (jl.ip is attained at z/. 

On the other hand, a measure v in A4{X, T) is exponentially mixing for f 
or has exponential decay of correlations for f, if there are constants C > 
and p in (0, 1), such that for every bounded measurable function (p : X —^M 
and every Lipschitz continuous function -0 : X — > M, we have for every 
integer n > 1 



cjyof^-il^du 



X 



I 4> du ip du 




Ix Jx 





supjcAl 

X 



Lip • P 



where 



_ \i>{x)-ip{x')\ 

iLip •— S'^'Px,x'eX,x=^x' dist(a;,a;') ' 

Given a compact interval /, a smooth map /:/—)■ I is non- degenerate, 
if the number of points at which the derivative of / vanishes is finite, and if 
for every such point there is a higher order derivative of / that is non-zero. 

Theorem A. Let I be a compact interval and let f : I ^ I be a topologically 
exact non- degenerate smooth map. Assume f has only hyperbolic repelling 
periodic points, and for each critical value v of f we have 



lim !Z)/"(w)| = +00. 

n— >+oo 

Then every Holder continuous potential p : J{f) — ?• M is hyperbolic for f . 
In particular, there is a unique equilibrium state v of f for the potential tp. 
Moreover, the measure-theoretic entropy of v is positive, and v is exponen- 
tially mixing for f. Finally, for every Holder function ijj : I ^ M., the 
function t i— > P{f, p -\- tip) is real analytic. 

Buzzi showed a related result for potentials that are "symbolically Holder 
continuous", see |Buz041 Theorem 1]. For a smooth non-degenerate map /, 
the class of symbolically Holder continuous potentials is not related to 
the class of Holder continuous potentials, unless / satisfies the Topologi- 
cal CoUet-Eckmann condition, see |RL12a[ Corollary C]. If / satisfies the 
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Topological Collet-Eckmann condition, then these classes of potentials co- 
incide and our argument gives a different proof of Buzzi's resultQ When / 
has only one critical value v, the Topological Collet-Eckmann condition is 
equivalent to the condition that grows exponentially in n, so our 

result is significantly stronger in this case. 

Once it is shown that the potential (p is hyperbolic for /, the rest of the 
assertions of Theorem IX\ follow from [LRL121 Corollary 1.1]. 

In contrast with Theorem [Aj our Main Theorem in ^ applies to maps 
having a neutral periodic point. The prototypical examples of interval maps 
having a neutral periodic point are the intermittent maps studied in |LSV99[ 
Lop93i IMT121 IPM801 IPSM IPSYQSi IPW991 ISarOll IYou99j . among others. 



For concreteness, fix a in (0, 1) and consider the map 

fa -.[0,1] ^ [0,1] 

^{l + x'^) ifx(l + x")<l; 
x{l + x"^) — 1 otherwise. 

Our argument shows that for each a' in (a, 1], every Holder continuous 
potential of exponent a' is hyperbolic for /„. In particular, fa has no phase 
transitions on the space of Holder continuous potentials of exponent a'. 
The hypothesis that a' is in (a, 1] is necessary: The potential — log|-D/Q,| 
is Holder continuous of exponent a, and it is not hyperbolic for fa, see 
Remark [2^ 

To state our main result in the complex setting, for each complex rational 
map / denote by Crit(/) the set of critical points of /, and by J(/) the Julia 
set of /. In what follows we restrict the action of / to J(/). In particular, 
the pressure function is defined through measures supported on J(/) and 
each equilibrium state is supported on J(/). 

Theorem B. Let f be one of the following: 

1. An at most finitely renormalizable complex polynomial of degree at least 2, 
without neutral cycles and such that for each critical value v of f we have 

lim \Df"iv)\ = +oo; 

2. A complex rational map of degree at least 2, without parabolic cycles and 
such that for every critical value v of f we have 



E 



1 

< +00. 



Then every Holder continuous potential : J{f) ^ M is hyperbolic for f . 
In particular, there is a unique equilibrium state v of f for the potential p>. 



^Although there are maps satisfying the Topological Collet-Eckmann condition that do 
not satisfy the hypotheses of Theorem |^ our Main Theorem in does apply to maps 
satisfying the Topological Collet-Eckmann condition, see Remark 12.31 
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Moreover, the measure-theoretic entropy of u is positive and v is exponen- 
tially mixing for f. Finally, for every Holder function ^p : I —?■ M, the 
function t i-^ P{f, <p + tip) is real analytic. 

Recall that for an integer s > 2, a complex polynomial / is renormalizable 
of period s, if there are Jordan disks U and V in C, such that U C V and 
such that the following hold: 

• ^ y is proper of degree at least 2; 

• The set {z & U : f^'^{z) G U for all n = 1, 2, . . .} is a connected and 
it is strictly contained in J(/); 

• For each critical point c of / there exists at most one j in {0, 1, . . . , s— 
1} such that c is f^{U). 

We say that / is infinitely renormalizable if there are infinitely many inte- 
gers s > 2 such that / is renormalizable of period s. 

In the case where / is a complex rational map satisfying the Topologi- 
cal Collet-Eckmann condition, the essential part of Theorem [B] is [IR RL12] 
Corollary 1.2]. We note that the results of |IRRL12j only apply to maps 
having no invariant measure of zero Lyapunov exponent, so Theorem |B] is 
substantially stronger. 

Once it is shown that the potential 99 is hyperbolic for /, the rest of the 
assertions of Theorem [B] follow from either [DPU96t |Hay99| or |SUZ11| . 
combined with general arguments in |IRRL12t §3]. 

Remark 1.1. The equilibrium states in Theorem VK\ and iBl are constructed 
in [LRL12] and [SUZllj . respectively, through a Young tower with an expo- 
nential tail estimate. Thus, these equilibrium states satisfy several statistical 
properties, such as the Central Limit Theorem and the Almost Sure Invari- 
ance Principle, see e.g., jCtounSI IMNnKl IMNnSI ITKHK] . 

A natural question raised by Theorems El and [B] is what kind of phase 
transitions can occur for a smooth one dimensional map, on the space of 
Holder continuous potentials. It is well-known that neutral periodic points 
are responsible for phase transitions on the space of Holder continuous po- 



tentials of a sufficiently small exponent, see for example |Lop93 Theorem 3] 



or [SarOll Proposition 1]. A phase transition for a map without neutral 
periodic points would be more subtle to produce. "Fibonacci maps" are a 
natural candidate to have a phase transition. Given £ > 1 and a real param- 
eter c, a interval map of the form x 1— > + c is a Fibonacci map if, roughly 
speaking, the closest return times of the orbit of the critical point x = 
occur at the Fibonacci numbers, see for example [LM931 Theorem 1.1] for 
a precise definition in terms of kneading sequences. General results imply 
that for each real number £ > 1, there is a parameter c{€) such that a suit- 
able restriction fi of x 1-^ |a;|^ + c{l) is a Fibonacci map. For such fi, the 
closure uj{(.) of the critical orbit is a Cantor set, see for example [ LM93t 
Theorem 1.2]. The results of |KN95j imply that there is £1 > 2 such that 
for £ in (0,^1) the map satisfies the hypothesis of Theorem lAl So for I 
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in (0, the map fi does not have phase transitions in the space of Holder 
continuous potentials. 

Problem 1.2. Show that for every sufficiently large i > 1, there are con- 
stants C > and a in (0, 1) such that the potential ipo{x) := —C dist(x, w(£))° 
satisfies P(/^,(/?o) = 0. 

A positive solution of this problem would imply that (pQ is not hyperbolic 
for fi, and that the function t i-^ P{fi,tLpQ) is not real analytic. 

1.2. Organization and strategy of the proof. To prove Theorems |A] 
and [HI we follow the general strategy of the proof of [IRRL121 Main The- 
orem] . The main step in the proof of |IRRL12] Main Theorem] is the con- 
struction, for a given invariant measure with positive Lyapunov exponent, 
of an Iterated Function System (IFS) that is used to estimate the pressure 
from below. In this paper, we have to deal with the more difficult situation 
of an invariant measure of zero Lyapunov exponent. For such a measure, the 
construction of a suitable IFS does not seem possible. Instead, we consider 
a more general type of induced system, formed by multivalued functions. 
Once this induced system is constructed, we follow the strategy in |IRRL12] 
to deduce our main results, although in the real case there are some extra 
difficulties coming from the fact that interval maps are not open maps in 
general. 

The paper is organized as follows. In ^we state a version of Theorems lAl 
and [B] that holds for a more general class of maps; it is stated as "Main 
Theorem" . After deriving Theorems |A] and |B] from the Main Theorem and 
known results in H2.1\ we sate our main technical result as the "Key Lemma" 
in ^2.2\ where we also derive the Main Theorem from it. 

In ^ we construct an induced system formed by multivalued functions, 
and in ^ we prove the Key Lemma using this induced system to estimate 
the pressure from below. 

1.3. Acknowledgments. The authors would like to thank Henk Bruin and 
Godofredo lommi for useful comments on the first version. 

2. A REDUCTION 

We start this section stating a version of Theorems El and |B] that holds 
for a more general class of maps; it is stated as the "Main Theorem" . In §2.11 
we derive Theorems [A] and [B] as a direct consequence of the Main Theorem 
and known results. In §2.21 we state our main technical result as the "Key 
Lemma", and we derive the Main Theorem from it. 

To state the Main Theorem, we introduce a class of interval maps that 
includes non-degenerate smooth maps as special cases. Let / be a compact 
interval. For a differentiable map f : I ^ I, a point of / is critical if the 
derivative of / vanishes at it. Denote by Crit(/) the set of critical points 
of /. A differentiable interval map f : I ^ I is of class with non-flat 
critical points, if it has a finite number of critical points and if: 
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• The map / is of class outside Crit(/); 

• For each critical point c of / there exists a number £c > 1 and 
diffeomorphisms and of M of class C^, such that 4>{c) = ^(/(c)) = 
0, and such that on a neighborhood of c on I, we have 

IV'°/I = I'AI'^ 

Note that each smooth non-degenerate interval map is of class with non- 
flat critical points, and that each map of class with non-flat critical points 
is continuously differentiable. 

For an interval map of class with non-flat critical points /, denote 
by dom(/) the interval on which / is defined, and denote by dist the distance 
on dom(/) induced by the norm distance on M. On the other hand, for a com- 
plex rational map / we use dom(/) to denote the Riemann sphere C, which 
we endow with the spherical metric, that we also denote by dist. In both, 
the real and complex setting, for a subset W of dom(/) we use diam(M^) to 
denote the diameter of W with respect to dist. 

Definition 2.1. Let / be either a complex rational map, or an interval 
map of class with non-flat critical points. The Julia set J{f) of f is the 
complement of the largest open subset of dom(/) on which the family of 
iterates of / is normal. 

If / is a complex rational map of degree at least 2, then J{f) is a perfect 
set that is equal to the closure of repelling periodic points. Moreover, J(/) 
is completely invariant and / is topologically exact on J(/). We denote 
by £/c the collection of all rational maps of degree at least 2. 

In contrast with the complex setting, the Julia set of an interval map of 
class with non-flat critical points might be empty, reduced to a single 
point, or might not be completely invariantll However, if the Julia set of such 
a map / is not completely invariant, then it is possible to make an arbitrarily 
small smooth perturbation of / outside a neighborhood of J(/), so that 
the Julia set of the perturbed map is completely invariant and coincides 
with J(/). We denote by jz^k the collection of interval maps of class C'^ 
with non-flat critical points, whose Julia set contains at least 2 points and 
is completely invariant. Note that if /:/—)•/ is a non-degenerate smooth 
map that is topologically exact, then J(/) = / and / is in On the other 
hand, if / is an interval map in that is topologically exact on J(/), 
then J(/) has no isolated points. For more background on the theory of 
Julia sets, see for example |dMvS93j for the real setting, and jCG93[ IMilOfij 
for the complex setting. 

Throughout the rest of this article we put £/ := U and for each / 
in ^ we restrict the action of / to its Julia set. In particular, the topological 



*This last property can only happen if there is a turning point in the interior of the 
basin of a one-sided attracting neutral periodic point, that is eventually mapped to this 
neutral periodic point. 
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pressure of / is defined through measures supported on J(/) and equilibrium 
states are supported on J(/). 

Definition 2.2. For /3 > 0, a map / in satisfies the Polynomial Shrinking 
Condition with exponent f3, if there exist constants po > and Co > 
such that for every x in J{f), every integer n > 1, and every connected 
component W of f~^{B{x, p)), we have 

diam(Ty) < Cn'^. 

Main Theorem. Let (3 > 1, and let f be a map in £/ satisfying the Polyno- 
mial Shrinking Condition with exponent /3. Suppose furthermore in the real 
case that f is topologically exact on its Julia set. Then for each a in (/3~^, 1], 
every Holder continuous potential ip : J{f) -^M of exponent a is hyperbolic 
for f . 

Remark 2.3. Recall that a map / in satisfies the Topological Collet- 
Eckmann Condition, if there is a constant x > such that for every v 
in M{J{f),f) we have /log|D/| du > x, see |PRLS03[ iRLl^ for other 
equivalent formulations. Each map in £/ that satisfies the Topological 
Collet-Eckmann condition satisfies the hypothesis of the Main Theorem for 
each /3 > 1, see [R L12al Main Theorem'] and |RL12bl Proposition 7.1] for 
the real case, and [PRLS031 Main Theorem] for the complex case. 

Remark 2.4. Fix a in (0, 1), and consider the map defined in ^1.11 Well- 
known arguments show that fa is topologically exact on [0, 1], and that 
satisfies the Polynomial Shrinking Condition with exponent /3 = 1/q. Being 
discontinuous, the map fa is not in =e/, so we cannot apply the Main Theorem 
directly to fa- However, using the Markov structure of fa the arguments can 
be easily adapted to obtain that for each a' in (a, 1], every Holder continuous 
potential of exponent a' is hyperbolic for /„. The hypothesis that a' is 
in (a, 1] is necessary: The potential (pa '■= ~^og\Dfa\ is Holder continuous 
of exponent a, and it is not hyperbolic for fa- In fact, noting that Pa{0) = 
and /a(0) = 0, for every integer n > 1 we have ^5n(</?a)(0) = 0. Together 
with the equality P{fa, Pa) = 0, shown for example in |Lop93[ Theorem 3], 
this implies that pa is not hyperbolic for /„. 

Given / in i/, for each function p : J{f) — ?> M and each integer n > 1, 
put 

Snip) ■.= P + pof + ... + pof^-\ 

Corollary 2.5. Let /3 > 1, and let f be a map in si satisfying the Polyno- 
mial Shrinking Condition with exponent (3. Suppose furthermore in the real 
case that f is topologically exact on its Julia set, and that f has no neutral 
periodic point. Then for every a in (/3~^,1] and every Holder continuous 
potential p of exponent a, there is a unique equilibrium state v of f for the 
potential ip. Moreover, the measure-theoretic entropy of u is positive and u 
is exponentially mixing for f . Finally, for every Holder function ip : I ^M. 
of exponent a, the function t i-> P(/, p + til)) Teal analytic. 
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Proof. In the real case, the assertions are a direct consequence of the Main 
Theorem and of jLRL121 Main Theorem and Remark 4.2]; for the real an- 
alyticity of t P{f,(p + tip), for each to in ^ apply these result with if 
replaced by ip + tQip. 

To prove assertions in the complex setting, let n > 1 be an integer such 
that the function (p := ^Sn{^) satisfies supj(j) ip < P{f,ip). Since / is Lips- 
chitz as a self-map of C, the function is Holder continuous of exponent a. 
Moreover, ip is co-homologous to ip: If we put 

^ n — 1 

h := V(n - l-j)ip o f, 

n ^ 

then ip = {p + h — hof. This implies that for every i/ in A4{J{f), /) we 
have J (p dv = J (p du, and therefore that P{f, ip) = P{f, p) and that ^ and ^p 
share the same equilibrium states. An analogous argument shows that if we 
put if) := ^Sn{ip), then for every t in M we have P{ip + tip) = P{(p + tip). 
Thus 

sup^< P{f,ip) = P{f,^), 
J(f) 

and for each equilibrium state of / for the potential (p, we have 

K{f) = P{f,p)- I pdu = P{f,^)- [ ^du>P{f,^)-snvp>Q. 

J J J{f) 

On the other hand, the fact that v is the unique equilibrium state of / 
for the potential ip, and that u is exponentially mixing, is obtained by 
applying |Hay99| or [SUZllj to the potential ip. To prove that the func- 
tion 1 1—)- P{ip-\-tip) is real analytic, observe first that, when ip = ip, [SUZllt 
Theorem 47 in §6] asserts the function t i— )• P(ip + tip) is real analytic on a 
neighborhood of t = 0. The proof of this result extends easily to the case ip 
is different from (^H To prove that t i— > P{<p + tip) is real analytic on all 
of M, let to in ^ be given. Repeating the argument above with ip replaced 
hy ip + tQip, we conclude that the potential ip + t^ip is hyperbolic for /, and 
that the function 1 1— )• P{ip + tip) is real analytic on a neighborhood of t = to- 
This completes the proof that the function t i— )• P{ip + tip) is real analytic, 
and the proof of the corollary. □ 

2.1. Proofs of Theorems [A] and [B] assuming the Main Theorem. 

We recall the "backward contracting property" . 
For each map f m £/, put 

CV(/) := /(Crit(/)) and Crit'(/) := Crit(/) n J(/). 

For a subset V of dom(/), and an integer m > 1, each connected component 
of /^"^{V) is a pull-back of by For every c in Crit(/) and 5 > 0, denote 
by B{c,5) the pull-back of B{f{c),6) by / that contains c. 



§ Another proof can be obtained by adapting the proof of [LRL121 Main Theorem] . 
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Definition 2.6. Given a constant r > 1, a map / in i?/ is backward 
contracting with constant r, if tiiere exists 5o > sucli that for every c 
in Crit'(/), every 5 in (0, 6o), every integer n > 0, and every component W 
of f~"'{B{c,r6)), we have that 



If for each r > 1 the map / is backward contracting with constant r, then / 
is backward contracting. 

A map / in i?/ is expanding away from critical points, if for every neigh- 
borhood V of Crit'(/) the map / is uniformly expanding on the set 



In other words, there exist C > and A > 1 such that for every z in K{V) 
and n > 0, we have \Dr{z)\ > C7A". 

Fact 2.7 ( [RLS10| . Theorem A). For each map f in£/ and each /3 > 0, there 
exists r > 1 such that the following property holds. If f is backward con- 
tracting with constant r and is expanding away from critical points, then f 
satisfies the Polynomial Shrinking Condition with exponent (3. 

Proof of Theorem HI By [BRLSvSOSt Theorem 1] , the map / is backward 
contracting and by Marie's theorem / is expanding away from critical points, 
see for example |dMvS 93]. Then Fact 12.71 implies that for each /3 > 1 the 
map / satisfies the Polynomial Shrinking Condition with exponent /3. So 
the desired assertions are a direct consequence of the Main Theorem and 



Proof of Theorem O By either [LSIO', Theorem A] or jRLOTl Theorem A] , 
the map / is backward contracting, and by either [KvSOO] or |RL071 Corol- 
lary 8.3], it is expanding away from critical points. Then Fact 12.7] implies 
that for each /3 > 1 the map / satisfies the Polynomial Shrinking Condition 
with exponent (5. So the desired assertions are a direct consequence of the 
Main Theorem and Cor ollarv 12.51 □ 

2.2. A reduction. In this section we prove the Main Theorem assuming 
the following lemma, whose proof occupies §S [H 

Key Lemma. Let (3 > 1, and let f be a map in £/ satisfying the Polynomial 
Shrinking of Components condition with exponent 13. In the case f is an 
interval map, assume furthermore that f is topologically exact on its Julia 
set. Then for every a in every Holder continuous function <~p : 

J{f ) — ?> M o/ exponent a, and every invariant ergodic probability measure v 
supported on J{f), there is a set of full measure of points xq such that 



dist(W,CV(/)) < 6 implies diam(VF) < 6. 



K{V) := {z G J(/) : f{z) V for ah i > 0}. 



Corollary [231 



□ 
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The proof of the Main Theorem is given at the end of this section. 

In the case / is a complex rational map, the following lemma is [PrzQO^ 
Lemma 4]. The proof applies without change to the case where / is an 
interval map; we provide the proof for the reader's convenience. 

Lemma 2.8. Let f be a map in £/ , and let (p : J{f) — )• M 6e a continuous 
function. Then for every point xq of J{f), we have 

^'(/,'/') > lim sup i log ^ exp{Sn(p{y))- 

n— ^--l-oo IT' r / ^ 

y€f-"(xo) 

To prove this lemma, we recall the definition of topological pressure using 
"(n, e)-separated sets." Let (X, dist) be a compact metric space and let 
T : X X he a continuous map. For each integer n > 1 the function dist„ : 
X X X -^R defined by 

distn{x,y) := max{dist(r*(x),r*(y)) : i G {0,1,--- ,n- 1}} , 

is a metric on X. Note that disti = dist. For e > 0, and an integer n > 1, 
a pair of points x and x' of X are {n,e)-close if distn{x,y) < e. Moreover, 
a subset F of X is {n,£)- separated, if it does not contain 2 distinct points 
that are (n,e)-close. The pressure function P{T,Lp), defined in i ll. II satisfies 

P{T,ip) = lini lim sup i log sup ( exp(5„((/9(y))) ) , 



where the supremum is taken over all (n, e)-separated subsets F of X, see 
for example |PU10] . 

Proof of Lemma \2.8[ Given e > 0, an integer n > 1, and a point x of J(/), 
denote by P(n,e)ix) the number of points in /~"(/"(x)) that are (n,e)-close 
to X. Note that > 1 and put 

-P(n,e) := sup P(^n,e){x)- 
x&J(f) 

Then for every integer n > 1 and every point xq of J(/), the set f~^{x()) can 
be partitioned into P(n,e) sets, each of which is (n, e)-separated. So there is 
a (n, e)-separated subset ^ of /""(xq) such that 

^ exp(S'„v9(?/)) > J2 exp(5ny?(y)). 

ye^ y&f-"{xo) 

Thus, it suffices to prove lim sup„_^_,_oo ^ log P(n,e) can be made arbitrarily 
small by taking e sufficiently small. 

Fix an integer L > 1 and let be the degree of /, if / is a complex 
rational map, and N = 7^Crit(/) + 1, if / is an interval map. Note that 
a point of dom(/) can have at most preimages by /. Then there exists 
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e > such that for every x in -B(Crit'(/), 2e), and every j in {1, 2, • • • , L}, 
we have either 

/^■(x) 0i?(Crit(/),2e) or fix) € Crit(/). 

On the other hand, since no critical point of / in J(/) is periodic, for each 
critical point c of f in J{f) there are at most # Crit'(/) — 1 integers j > 1 
such that /■'(c) is in Crit(/). Reducing e if necessary, we assume that for 
every x in J{f) such that dist(x, Crit'(/)) > 2e, the map / is injective 
on B{x, e). 

Fix a point xq in J(/), and for each point x of J(/) put -P(o,£)(a^) = 1- 
Note that if y in J(/) and y' in /"""(/"(xq)) are (n,e)-close, then f{y) 
and /(y') are (n — l,e)-close. So we have P(n,e){^o) < ■ P{n-i,e)ifi^o)), 
and when / is injective on B{xo,e), we have P(n,e)(.^o) ^ ^(n-i,e)(/(2;o))- In 
particular, when dist(xo, Crit'(/)) > 2e we have P(„^£)(2;o) < ^'(n-i,e)(/(2^o))- 
By induction and the definition of e we obtain 

^(n,.)(2;o)<iV#Cnt'(/)(n/L+l)^ 

Since xo is an arbitrary point in J(/), we obtain 

1 ^ #Crit^(/)-logjV 
lmisup-logP(„_e) < . 

n— >'+oo IT- J-i 

Since L > 1 is an arbitrary integer, this completes the proof of lemma. □ 
Proof of Main Theorem assuming the Key Lemma. We show first 



ip dv. 



(2.1) limsup I sup —5'„(v3) ) < sup / 

n^+oo \j{f)n ) ueM{J{f)J)J 

Since J(/) is compact, for each integer n > 1 there is a point Xn of J(/) 
such that 

Sn{f){Xn) = SUpS'„(93). 

JU) 

Put Vn ■■= ^ J27=0 ^fixn)^ SO that 

1 1 

If dVn = -Sn{'p){Xn) = SUp -5'„((/?). 

n n 
It follows that there is a sequence positive integers (n^)^^ such that 

lim / ip dunk = hmsup ( sup -Sn{v) ) • 

k^+oo J ji-s>+oo \j{f)^ J 

Let ly be an accumulation point of in the weak* topology. Then is 
in M{J{f),f), and 



/If du = limsup ( sup —Sn{f) ) 
n^+oo \j{f)n J 



This proves (|2.ip . 
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To prove that is hyperbolic for /, let z/q be an invariant probability 
measure maximizing the function v ^ j (p dv. Then for almost every ergodic 
component u'q of fg, we have J ip du^ = J <p dvQ. Thus, the Key Lemma 
applied to such a z/q, together with Lemma 12.81 implv 



P{f^ > I ^ duQ= I if dvQ= sup / 
J J iyeM(J(f).f) J 



ip dv. 



u&M{JU)J) ■ 

Together with (j2.ip . this implies that (p is hyperbolic for / and completes 
the proof of the Main Theorem. □ 

3. Iterated Multivalued Function Systems 

This section is devoted to the construction of an "Iterated Multivalued 
Function System", which is the main ingredient in the proof of the Key 
Lemma, compare with [IRRL12] §§5, 6]. It is stated as Proposition \2>.1\ 
below. 

Let / be a map in . Given a compact and connected subset Bq 
of dom(/) intersecting J(/), a sequence multivalued functions {4>i)f^ is 
an Iterated Multivalued Function System (IMFS) generated by /, if for ev- 
ery I there is an integer mi > 1, and a pull-back Wi of Bq by contained 
in Bq, such that 

r'{Wi) = Bo and cpi = {n\w,r\ 

In this case, is the time sequence of {(pi)^^, and {(pi)^^ is defined 

on Bq. Note that for each subset A of Bq and each I, the set (pii^) •= 
f-mi PI jg non-empty. 

Let {(pOt^ be an IMFS generated by / with time sequence (w/)^^, 
defined on a set Bq. For each integer n > 1 put S„ := {1, 2, • • • }" and denote 
the space of all finite words in the alphabet {1, 2, . . . , } by S* : — Un>i '^n- 
For every integer k > 1 and / = /i • • • in S*, put 

|/| = k,mi_ = mi^+mi^-\ h mi^ , and (j)i^ = (pi^ o ■ ■ ■ o (Pi^. 

Note that for every xq in Bq, and every pair of distinct words / and /' in S* 
satisfying mi = mi' , we have the following property: 

(*) If the sets (Pi_{xq) and (Pi'{xq) intersect, then they coincide. 

The IMFS {4>i)i^ is free, if there is xq in Bq such that for every pair of 
distinct words / and I' in S* such that mi = mi', the sets (Pi{xq) and <Pii[xq) 
are disjoint. 

Proposition 3.1. Let /3 > 1, and let f be a map in satisfying the Poly- 
nomial Shrinking of Components condition with exponent j3. In the case f 
is an interval map, suppose furthermore that f is topologically exact on its 
Julia set. Let a in {/3~^,1\, let ip : J{f) — > R 6e Holder continuous with 
exponent a, and let v be an ergodic invariant probability measure on J{f) 
that is not supported on a periodic orbit. Then there exists a subset X 
of J{f) of full measure with respect to v, such that for every point xq in X 
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the following property holds: There exist D > 0, a compact and connected 
subset Bq o/dom(/) containing xq, and a free IMFS {4>i)'i^ generated by f 
with time sequence {mi)fj^ , such that {(f>i)f^ is defined on Bq, and such 
that for every I and every y in (Pi{Bq) we have 

(3.1) Smii(p)iy) >'mi J (fi du - D. 

The proof of this proposition is at the end of this section. 

Lemma 3.2. For each interval map f : I ^ I in there is s > such 
that the following property holds. Let Jq be an interval contained in I sat- 
isfying I JqI < e, let n > 1 be an integer, and let J be a pull-back of Jq 
by such that for each j in {1, . . . ,n} the pull-back of Jq by f^ contain- 
ing f^~^{J) has length bounded from above by e. If in addition the closure 
of J is contained in the interior of I, then f^ipJ) C SJq. 

Proof. Note that each preimage of a point of dl is either a point of dl, or 
a turning point in the interior of /. It follows that there is e in (0, |/|) such 
that for every interval J' contained in I that shares an cndpoint with / and 
satisfies \ J'\ < e, the following property holds: For each pull-back J of J' 
by /, either J shares an endpoint with / and / : J — )■ J' is a bijection, or both 
endpoints of J are mapped to the endpoint of J' that is not an endpoint of /. 
Reducing e if necessary, assume that for every pair of distinct elements c 
and c' of Crit(/) U dl, we have e < dist(c, c'). We prove the lemma for this 
choice of e. 

Let Jo, n, and J be as in the statement of the lemma, and for each j 
in {1, . . . , n — 1} let Jj be the pull-back of Jq by f^ containing f^^^{J). Note 
that Jn = J, and that our hypotheses imply that for each j in {0, . . . , n} 
we have \Jj\ < e. We prove by induction that for each j in {0, ...,n}, 
either f^{dJj) C OJq, or Jj shares an endpoint with / and f^ maps the 
endpoint of Jj that is not an endpoint of / to an endpoint of Jq; the lemma 
follows by taking j = n. The case j = being trivial, let j in {1, . . . ,n} 
be such that this property holds with j replaced by j — 1. If Jj~i shares 
an endpoint with /, then the desired assertion follows from the induction 
hypothesis and our choice of e. Suppose Jj-i does not share an endpoint 
with /. If Jj contains a turning point in its interior, then by our choice of e 
the interval Jj does not contain any other turning point of /. It follows that 
both endpoints of Jj are mapped to the same end point of Jj-i by /. So by 
the induction hypothesis we have f^{dJj) C BJq. It remains to consider the 
case where Jj does not contain a turning point of / in its interior. Then / 
is injective on Jj. Thus, either f : Jj ^ Jj-i is a bijection, or Jj shares an 
endpoint with /. In the former case we have f^(dJj) = f^~^{dJj-i) C OJq. 
In the latter case, / maps the endpoint Xj of Jj that is not an endpoint of I 
to an endpoint of Jj-i, so by the induction hypothesis f^{xj) is in BJq. This 
completes the proof of the induction step and of the lemma. □ 
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Lemma 3.3. Let f be an interval map in si that is topological exact on its 
Julia set, and let xo be a point of J{f) such that (xo,+oo) (resp. {—oo,xo)) 
intersects J{f). Then for every open interval U intersecting J{f), and every 
sufficiently large integer n>l, there is a point y of U in /~"(xo) such that 
for every e > the set f'^{B{y,e)) intersects {xq,+oo) (resp. {—oo,xq)). 

Proof. Using that / is topological exact on its Julia set we know that 

there is an integer A'^ > 1 such that for every n > N we have f^(U) D J{f). 
Fix n > N. Note that the set /^"(xq) is finite, and there is a point z of U 
such that f"'{z) is in (xq, +oo) (resp. (— oo, xq)). Let y be a point of /~"(xo) 
in U such that for every y' of /~"(a;o) in U we have \y—z\ < \y'—z\. Now let us 
prove the lemma holds for such y. In fact, otherwise, there is G (0, \y — z\) 
such that £o)) is contained in (— oo,a;o] (resp. [a;o,+oo)). It follows 

that there is a point z' of B{y, eq) fl U such that f^z') is in (— oo, xq) (resp. 
(xo, +oo)) and \z' — z\ < \y — z\. Since /" is continuous on U it follows that 
there is y" in U such that \y" — z\ < \y — z\ and f^{y") = xq. This is a 
contradiction with our choice of y. The lemma is proved. □ 

Lemma 3.4. Let (3 > 1, and let f be a map in s/ satisfying the Polynomial 
Shrinking Condition with exponent fi. Then for every a in (^"■'^,1] and 
every Holder continuous function (p : J{f) ^ M o/ exponent a there exist 
constants pi > and Ci > \, such that for every point z of J{f), every 
integer n>l, and every pull-back W of B{z,pi) by /" the following holds: 
For every x and x' in W we have 

\Sn{v)ix)-Sn{v'){x')\<Ci. 

Proof. Let C* > 1 be such that for every z and z' in J(/) we have 

\ip{z) - ip{z')\ < C^dist{z,z')°'. 

Noticing that / satisfies the Polynomial Shrinking Condition with expo- 
nent /?, there exist constants po > and Co > 1 such that for every point z 
in J(/), every integer n > 1, and every pull-back W' of B{z,po) by we 
have diam(iy) < Cqu^^. Therefore, for every integer n > 1, every point z 
in J{f) and every pair of points x and x' in the same pull-back W of B{z, po) 
by we have 

n— 1 n— 1 

E^(/'(^))-E^(/'(^')) 



i=0 i=0 
n-1 

< 

i=0 

n— 1 



^adiam(f (W^))° 

i=0 

n— 1 

< ^aCo"(n-i)-^'^ 

i=0 

+ 00 

< CCS m-^°. 



m=l 
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This proves the lemma with constants pi = pQ and Ci = C-^Cq Ylr 



m 



-fSa 
□ 



Lemma 3.5. Let f be a map in a/, let (p : J{f) M be a continuous 
function, and let v he an invariant and ergodic probability measure supported 
on J{f). Then there exists a subset X' of J{f) of full measure with respect 
to V, such that the following holds. For every D' > 0, and every point x 
of X' there exist a strictly increasing sequence positive integers {ni)'^^ such 
that for every I we can choose a point xi in (x) so that: 

1. xi+i is in (xz); 

2. SnMixi) >nij^ dv-D'. 

To prove this lemma we use the natural extension of that we pro- 

ceed to recall. Let Z_ denote the set of all non-positive integers and endow 



Z := \ {zyn)m&- G J{f) ■■ for every m £ Z^,f{zm-i) = Zmj 
with the product topology. Define T : Z Z hy 

r((- • • ,Z-2,Z-l,Zo)) = {■■■ ,Z_2,Z-i,Zo,f{zo)) 

and TT : Z ^ J{f) by vr((zm)mgz_ ) = zq. Note that T is a bijection, 
T^^ is measurable, vr is continuous and onto, and vr o T = / o vr. We 
call {Z,T) the natural extension of {J{f),f). If v is a Borel probability 
measure on J{f) that is invariant and ergodic for /, then there exists a 
unique Borel probability measure 1/ on Z that is invariant and ergodic for T, 
and that satisfies vr^z? = i/, see for example [PUlOl §2.7]. 

The following is a well-known consequence of the pointwise ergodic theo- 
rem, see for example jPRLS04l Lemma 1.3] for a proof. 

Lemma 3.6. Let (Z,^,!)) be a probability space, and let T : Z ^ Z 

be an ergodic measure preserving transformation. Then for each function 
-0 : 2^ — > M that is integrable with respect to v, there exists a subset Z of Z 
such that v{Z) = 1, and such that for every z_ in Z we have 

limsup V (^p{T{z)) - f ^ dv] >{). 

Proof of Lemma \3.5[ Let {Z, T) and v be as above, and note that V is also 
ergodic with respect to T^^ . Applying Lemma 13.61 to the continuous func- 
tion = (p o IT, we obtain that there exists a subset Z of of full measure 
with respect to V, such that for every point (zm)mGZ_ in Z we have 

limSUp^ (ipOTT (r^* {{Zni)m£Z^)) " if O TT du ] > 0. 

Note that the set X' := 7t{Z) satisfies 

,.iX')=V{7T-\7riZ)))>DiZ) = l, 
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SO i^{X') = 1. To verify that X' satisfies the desired properties, let D' > 0, 
let X be a point of X', and choose a point (2m)mGZ_ of Z such that vr ((zm)mGZ_) = 
X. Then there is a strictly increasing sequence positive integers {ni)'^^ such 
that for every / we have 

ni-l . 
(3.2) ^ 9? o TT (r^* {{Zm)m&-)) > m / if dv - D' . 

1=0 

For each integer I > 1 put 

XI := 7T (T-"' {{Zra)m&.)) = G /~"'(^)- 

The first part is then a direct consequence of the definitions, and the second 
follows from i^. □ 

Proof of Proposition \3.1[ In the real case, denote by / the domain of /. 

Let X' be the subset of J(/) given by Lemma 13. 5| and let X be the 
complement in X' of the set of periodic points of /. Since is ergodic and 
it is not supported on a periodic orbit, the set X has full measure for v. Fix 
a point xq of X. In the real case assume xq is not an endpoint of /. 

Let e > be the constant given by Lemma [321 ^ind let pi > and Ci > 1 
be the constants given by Lemma |3.4[ Moreover, let po > and Co > 1 be 
such that for every z in J(/), every integer n > 1, and every pull-back W 
of B{z,po) by we have 

diam(PF) < mm{Con~^ ,e}. 

Fix p in (0, minjpo, /5i})- In the real case, assume in addition that p < 
dist(xo, dl). 

In part 1 below we define the IMFS, and in part 2 we show it is free and 
that it satisfies (13. Ij) . 

1. Let D', (n;);~L^, and (x/)^^ be given by Lemma [331 with x = xq. Taking 
a subsequence if necessary, assume (2;i)/t=T converges to a point wq. Since / 
is topologically exact on J(/), there exist an integer M > 1 and distinct 
points yo, and yi of B{xo,p) such that f^\yo) = f^iui) = wq- In the real 
case, note that xq cannot be in the boundary of a periodic Fatou component, 
since by hypothesis xq is not periodic; therefore we can assume that yo 
and yi are both in (xq — p, xq). Let /)' > be such that the pull-backs C/q 
and Ui of B{wQ,p') by f^ containing yo and yi, respectively, are disjoint 
and contained in B{xq, p). In the real case, by Lemma [3.31 we can choose M, 
yo, and yi so that in addition Uq, Ui C [xq — /o, xq], and so that there are 
infinitely many / for which x/ is contained in f^^{Uo) and in f^\Ui). Using 
the Polynomial Shrinking Condition and taking a subsequence if necessary, 
assume that for every I we have n/4.1 — n/ > M, that the point xi is contained 
in f^iUo) and in f^^{Ui), and that the pull-back Wi of B{xo,p) by 
containing xi is contained in B{wo, p'). Interchanging yo and yi, and taking a 
subsequence if necessary, assume that for every I the point /"'+i~"'~*^(xi+i) 
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is not in Uq. For each / choose a puh-back W[ of Wi by that contains a 
point x'l of f~^\xi) and that is contained in Uq. 
In the complex case put 

5o := S(xo,p), M' := M, U'^ := C/q, 
and for each I put VF^" := VF/. Note that for each / we have 

Wl' CUl^CBo and = Sq. 

In the real case, note that is contained in Uq C B{xo, p), so the closure 
of Wl is contained in the interior of /. So by Lemma [3.2l the set f"''~^^^ {dW[) 
is contained in dB{xo,p). Thus, for each / the set /"''"'"^(VF/) contains 
either [xq — p,xo] or [xo,xq + p]. Suppose there are infinitely many / such 
that f'"^'^^ {WD contains [xq — p,xo]. Taking a subsequence if necessary, 
assume this holds for every I. Then for every / there is a pull-back W" 
of [xo - p, xo] by /"'+^^ that is contained in Wl and such that = 
[xq — p, Xq] . In this case we put 

Bo:= [xo- p,xo],M' := M, and C/^ := C/q, 

and note that Wl' C Wl C C/g C [xQ — p, xq] = Bq. It remains to consider the 
case where for each /, outside finitely many exceptions, the set f"''~^^^{Wl) 
contains [xQ,xo+p], but it does not contain [x^—p, xq]. Taking a subsequence 
if necessary, assume this holds for every I. Since xq is not in the boundary 
of a Fatou component, by Lemma 13.31 there is an integer M >1 and a pull- 
back Uq of Uq by that is contained in {xo,xo + p), and such that for 
infinitely many I the point x'^ is contained in /*^(C/g). Taking a subsequence 
if necessary, assume that for every / we have n^+i —rii > M+M, and that the 
point x'l is contained in /^^(C/g)- Since for each / the point 
is not in C/g, it follows that the point /"'+i~"'^^^~'*^(x;+i) is not in Uq. For 
each I choose a pull-back Wl of Wl by contained in C/q and that contains 
a point of f'^^x'^). By Lemma E^l the set pi+'^+^{dWl) is contained 
in dB{xo,p). Since the set f'^i+^^+^{Wl) is contained in and 
this last set does not contain [xq — p, xg], we conclude that maps 
both endpoints of Wl to x = xq + p. Since by construction 
contains x = xq, we conclude that f"-i+^'^+^^ (Wl) contains [xo,xo + p]- So 
there is a pull-back W/' of [xo,xq + p] by f^n+M+M ^^i^it is contained in VF"/, 
and such that = [xq,xq + p\. Note that Wl' C Wl CAJ'^ C 

(xq, Xq + p). In this case we put Bq := [xq, xq + p], and M' := M + M. 
In both, the real and complex cases, for each I we put 
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Then, {(pi)^^ is an IMFS generated by / with time sequence (mi)^^ := 
{ill + M')'^^ that is defined on Bq. Moreover, for each / we have 

n,+i -ni> M',W!' C and n+'-''^-''' ixi+,) [/^. 

2. To prove that the IMFS (0Oit=T ^^6' let > 1 and A;' > 1 be integers 
and let 

I := I1I2 ■ ■ - Ik and /' := I'll^ • • • 4' 
be different words in S* such that mi = rriii . Assume without loss of gener- 
ality that I'f^, > /fc + 1. Note that the set 

is contained W"^, and therefore in Uq. On the other hand, we have 

^l'^, - ^ik = ^Vy - > - ni^ > M' 

and therefore the set 

contains the point 

m,i —nil, — M' , ^ n,i —rii, —M' , ^ „ „ t,fi , 

By construction this point is not in Uq, so we conclude that the sets 
/-I— ^.(0,(xo)) and ri-'"'.(0;,(^o)) 

are different. This implies that the sets (j)i_{xo) and cj)ii(xo) are different, and 
by property (*) stated above the statement of the proposition, that they are 
disjoint. This completes the proof that the IMFS {(pi)'i^ is free. 

Finally, let us check inequality (j3.ip in the statement of the proposition. 
Recall that for every / and y in (j)i{BQ), the point f^^'{y) is in Wi. Thus, by 
Lemma 13.41 and by part 2 of Lemma 13.51 we have 

Sm, {^){y)= Sn, {^) (y) ) + Sm' ^y) 



>ni J ip dv - D' -Ci + SM'{v)iy) 

> mi / tp dv — D' — Ci — 2M' sup ip. 
J J(f) 



Jif) 

This proves (13. ip with D = D' + Ci + 2M' supj(j) p, and completes the proof 
of the proposition. □ 
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4. Proof of the Key Lemma 

In this section we complete the proof of the Key Lemma. The case where 
the measure v is supported on a periodic orbit is different. For the complex 
case we refer to |IRRL12] Proposition 4.1]. The proof of |IRRL12] Propo- 
sition 4.1] does not apply directly to interval maps, as it uses that complex 
rational maps are open as maps acting on C. The case of interval maps is 
treated in Lemma 14. H below. The proof of the Key Lemma is completed 
after this lemma. 

Lemma 4.1. Let f3 > 1, and let f be an interval map in £/ that is topo- 
logically exact on its Julia set, and that satisfies the Polynomial Shrinking 
of Components condition with exponent (5. Then for every a in (/3~-'^,l], 
every Holder continuous function ip : J(/) M with exponent a, and every 
periodic point xq in J{f) of f of period N , we have 

(4.1) limsupilog V] exp(5'„((/?)(y)) > ^5Ar(v3)(xo). 

Proof. Let po > and Co > 1 be such that for every z in J{f), every integer 
n > 1, and every pull-back W of B{z, po) by we have diam(l^) < Con~^. 
The proof is divided in 2 parts. In part 1 we construct an induced map, 
and in part 2 we show an inequality analogous to (14. ip for the induced map, 
from which (14. Ih follows as a direct consequence. 

1. Fix a periodic point xq in J(/) of period N. Since |(/^)'(a;o)I > 1, 
we know that there is p in (0,po) such that there is a local inverse (j) 
of /^^ defined on B{xo,p) and fixing xq- Note that /^^ o is the identity 
map on B{xQ,p), hence (j) is increasing on B{xo,p), and /^-^ is increasing 
on (j){B{xQ, p)). Since xq is in J(/), changing orientation and reducing p 
if necessary, assume that (xo,xo + p/2) intersects J(/), and that for ev- 
ery y in {xo,xo + p) we have (j){y) < y. Since / is topologically exact on 
its Julia set, by Lemma 13.31 there exist an integer k' > 1, and a point z' 
in {xq,xq + p/2), such that /^^'^ (z') = xq, and such that for every e > 
the set f'^{B{z' ,e)) intersects (xo,xo + p/2). Fix e in (0, |z' — xo|) such 
that f^^'''{B{z',e)) C B{xo,p/2). Note that the closure of B{z',£) is con- 
tained in {xq,xq + p). 

Let W be the pull-back of f^^^' {B{z\e)) n [xq,xq + p/2) by f^^^' con- 
taining z' . Since /^A^fe ^ gj^^ hence <j)^ , is continuous, reducing e if nec- 
essary, assume that Uq := cf)^' i^f'^^^' {W)^ is disjoint from W. By our 

choice of (j), and the hypothesis that / satisfies the Polynomial Shrinking 
of Components condition, we know that for every x in {xq^xq + p) we 
have limfc_j._j_oo diam(</>'^([xo, x])) = 0. This implies that for every interval 
U C [xq,xq + p) we have 



lim diam(</.''([7)) = and lim dist(</)'=(C/), xq) = 0. 

fe— >-+oo fc— >+oo 
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Noting that 

WcBiz',e)c (xo,xo + p) and xq e f^''' {W) C [xo,xo + p/2), 
it follows that there is A;i > such that 

(4.2) Ui:=(j)''' (W) C f^'^'iW), 
and 

(4.3) diam(0'=i+'='(/2^'='(Ty))) < diam{f^'''{W)). 
Put ko := ki + k' and Uq := (P''^{U'q)- Then we have 

kQ > 1, C/o n C/i = 0, and Ui C Z^^'^' (T^) . 
By diS]) and the fact that p^^' {W) contains xq, the set 

^0 = = 'A'" (/'^''(W^)) 

is contained in y^^fc' (VF). Finally, note that 

Put 

;7:=C/oU[/i and/:=/2^^o|c;. 
2. Put ^ := 2Wk^'^2Nkoi^), for every integer m > 1 put 
S^{$) :=^+(^o/ + ... + ^o/™-i, 
and note that to prove the lemma it suffices to show 

(4.4) limsup — log exp(5m(^)(y)) > (?(xo). 

m-^+oo fn ^ 

yg/-™(xo) 

This is equivalent to show that that the radius of convergence of the series 

+00/ \ 
^(«)^=E E exp(M^)(z))U- 

is strictly less than exp(— ^(xq))- The proof of this fact is similar to Case 1 of 
the proof of |IRRL12] Proposition 4.1]. We include it here for completeness. 

Put K := Plit^o S'^d observe that xq is contained in this set. Con- 

sider the itinerary map 

.:i^^{0,l}^i'2'-> 
defined so that for every i in {1, 2, . . .} the point f ^z) is in U^{^z)i- Since / 
maps each of the sets Uq and Ui onto J^^'^' (^B{z' ^e)^ , and both of Uq 
and Ui are contained in this set, for every integer /c > and every sequence 
oo, ai, . . . , Ofc of elements of {0, 1} there is a point of /"^^^^•'(xq) in the set 

K{aQai ■ ■ ■ Cfc) := \z ^ K : for every i in {0, 1, • • • , A;} we have i{z)i = aA . 
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By the Polynomial Shrinking of Components condition and our choice of 4> 
and C/q) there is a constant C > such that for every integer k > 1 and 
every point z in ^^(O^^^^), we have 

k 

(4.5) Sk{^){z)>k^{xQ)-C. 

Taking C larger if necessary, assume that for every point z in [/ we have 

(4.6) ${z) > ^(xo) - C. 

It follows that for every A; > and every sequence oq, ai, • • • , Ofc of elements 
of {0, 1} with ao = 1 and every point x in K{aQai ■ ■ ■ a^), we have 

(4.7) Sk+i{(p){x) >{k + l)^(xo) - 2(ao + oi + • • • + ak)C. 
In fact, put £ := ao + ■ ■ ■ + a^, i^+i := A; + 1, and let 

= ii < 12 < ■ ■ ■ < ie < k 

be all integers « in {0, 1, • • • , k} such that Oj = 1. Then by (|4.5p and (|4.6p 
for every j G {1, • • • ,1} we have 

> fe+i - b-)^(2^o) - 2d. 
Summing over j in {1, 2, • • • ,^} we obtain (j4.7p . Thus, if we put 

+ 00 

$(s) := ^exp(A;^(xo) - 2C)s^ 

k=l 

then each of the coefficients of 

T{s) := ^(s) + ^{sf + ■ ■ ■ 

is less than or equal to the corresponding coefficient of H, and therefore 
the radius of convergence of H is less than or equal to that of T. Since 
clearly ^>(s) +oo as s — )• exp(— (^(xo))~, there is sq in (0, exp(— (^(xq))) 
such that <I>(so) ^ 1- It follows that the radius of convergence of T, and 
hence that of H, is less than or equal to sq and therefore it is strictly less 
than exp(— (^(xq)). This completes the proof of ()4.4p and of the lemma. □ 

Proof of the Key Lemma. When i' is supported on a periodic orbit, the de- 
sired inequality follows from Lemma 14.11 in the real case. In the complex 
case, note first that the hypotheses that /3 > 1 and that / satisfies the Poly- 
nomial Shrinking of Components condition with exponent /?, imply that / 
has no neutral periodic point in J(/). So, in this case the Key Lemma 
follows from Case 1 in the proof of [IRRL121 Proposition 4.1]. 

Suppose u is not supported on a periodic orbit. By Proposition 13.11 there 
is D > 0, a connected and compact subset Bq of dom(/) that intersects J(/), 
and a free IMFS {4'k)k=i generated by / with time sequence (rn-fc)^^ that 
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is defined on Bq, and such that for every k > 1 and every point y in (j)k{Bo) 
we have 

(4.8) Sm,{ip)iy) >mk j ^du-D. 

Since the IMFS {4>k)~k=i is free, there is a point xq of Bq in J(/) such that 
for every I and in E* such that mi = m^/, the sets (t>i{xQ) and (t)i'{xo) are 
disjoint. Note that for every integer /c > 1, every l = li---lk'vn. S*, every yo 
in (f)i{xo), and every j in {1, • • • ,k — 1}, the point 

is in (pmi .^^{Bq). Therefore, by ()4.8p we have 

> J f du — = mi j Lp dv — kD. 

This shows that for every Z in S*, and every yo in 0«(^o) we have 

(4.9) exp{Smi^{<f){yo)) > exp ^m^ y (p du^ exp{-\l_\D). 

On the other hand, if for every integer n > 1 we put 

S„ := IJ Mxo), 

then the radius of convergence of the series 

hmsup ^ exp(5n(v7)(y)) 



is given by 



R 



\ 



n— f +00 



and satisfies 



exp I -hmsup i log V] exp(S'„(v?)(y)) j < i?. 

\ n— ^+00 ^ „ , , / 

\ ?/e/-"(i'o) / 

Therefore, to complete the proof of the Key Lemma it suffices to prove R < 
exp {- J(p dv) . Put 

<I>(s) := ^ exp(-i:)) exp (771; / dz^ J s™' . 
1=1 \ J J 
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By inequality (14. 9|) and the fact that {4>k)k^i is free, each of the coefficients 
of the series 




does not exceed the corresponding coefficient of the series S, so the radius 
of convergence of H is less than or equal to that of T. Since clearly ^{s) — ?> 
+00 as s ^ exp(— J if du) , there exists sq in (0,exp(— J" (p du)) such 
that $(so) ^ 1- This implies that the radius of convergence of T, and 
hence that of H, is less than or equal to Sq, and therefore that R < sq < 
exp (^— f ip dv) . This completes the proof of the Key Lemma. □ 
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